
TABLE 1. REPEPTIZATION RATES AND EQUILIBRIA~ 

Ionic 
strength 
( mol/l) 

0.08 -21.4 2.93 6.1 x 1 0 - l O  2.6 x 10-9 3.8 8.8 x 108 
0.07 - 18.2 5.26 1.7 x 10-9 2.8 x 10-IO 36 1.8 x 1010 
0.06 -13.8 8.55 5.1 x 10-9 1.1 x 10-11 900 1.3 x 1012 

“Values of parameters used in these calculations include (I = 106 cm, ar = 10-9 cm, cf = 108 cmd, u = 2.5A, E = 74.3, T = 300’K, I& = 
-lOmV at 0.1 moll1 (recomputed from Gouy-Chapman equation at lower ionic strengths, assuming surface charge is unchanged) and A = 1.769 x 
10-14 erg (chosen so that = 0 a t  0.1 rnoVI). For Notations see Ruckenstein and Prieve (1976). 

cles in flocs equals a constant, co, per unit volume. Equa- 
tion (D) can be integrated exactly, taking into account 
the changes of K,.‘ and Kf‘ with time. However, more in- 
sight into the problem can be obtained from the simple 
equation obtained in the limiting case when the amount 
of dilution of the electrolyte is small so that nearly all the 
elementary particles remain in the flocs. Then K /  and Kf’, 
which are proportional to uf2, remain nearly constant. In- 
terpreting n as the number of elementary particles attached 
per unit area to the floc and assuming hexagonal close 
packing, then n = (@) /6u2. As particles detach from the 
floc, new particles underneath are exposed so that n is 
practically independent of time. Then (D) integrates to 
yield 

(c,* - c m ( t ) )  = (c,’ - c,Je-t’7 

where c,* = K,.‘ n/Kf’, r = l/Kf’cf and cmt = c,( t  = 0 ) .  
Table 1 shows some values of the time constant T and 

the equilibrium concentration c,’ obtained from these 
equations, employing the simplified model of the interac- 
tion forces developed by Ruckenstein and Prieve ( 1976). 
As might be expected, lowering the ionic strength makes 
the primary minimum, + m n ~ ,  less deep, thus shifting the 
equilibrium in favor of more detached elementary parti- 
cles, c,’. However, decreasing the ionic strength increases 
the time r to reach equilibrium, in spite of the fact that 
the repeptization rate, Kin ,  is increasing. This can be 
rationalized by observing that both the repeptization rate 
K /  n and the equilibrium concentration c,’ are increased 

by dilution, but c,’ increases faster so that a longer time T 

is needed to reach equilibrium. Of course, the analysis here 
could be generalized to allow the recombination of singlets 
to form doublets, the combination of singlets and doublets 
to form triplets and quadruplets, etc. Finally, an equilib- 
rium distribution of floc sizes should be obtainhble. 

In this note, an equation is established for the rate of. 
reversible adsorption on the basis of the quasi steady state 
assumption over the entire thickness of the interaction 
force boundary layer. When an interaction force boundary 
layer occurs >> kT), we find that the approxi- 
mation of quasi steady state over part of the region and 
quasi-equilibrium over the other part leads to practically 
the same rate as the approximation of quasi steady state 
over the entire region if &,,, - +mnz >> kT. Hence, either 
approximation is equally appropriate. A simple analysis 
of the repeptization of colloids is discussed on the basis 
of the equation established for reversible adsorption. 
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High Peclet Number Mass Transfer to a Sphere in 
a Fixed or Fluidized Bed 

G. 1. TARDOS, CHIAM GUTFINGER, and NESIM ABUAF 

The mass transfer from a moving fluid to a solid particle 
situated in a fixed or fluidized bed is encountered in a 
large number of industrial processes (chemical reactors, 
filters, etc.) . Practically impoitant and very attractive is 
the case of low Reynolds number (creeping) flow of the 
fluid through the bed. In this case, an analytical solution 
is possible. It is based on Levich‘s (1962) well-known 
solution for the mass transfer to a single sphere falling in 
an infinite fluid with velocity U,. His solution applies for 
the case where the diffusion coefficient of the species D 
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is low; in other words, the characteristic Peclet number 
Pe of the process is high (Pe 1 000). As pointed out 
by several authors, this requirement is met in most prac- 
tical cases. In this situation, the mass transfer occurs in a 
very thin concentration boundary layer near the solid 
sphere, for which the spherical geometry can be neglected. 
Mass transfer to a single sphere can be expressed in terms 
of the Sherwood number as 

Sh = 0.997 - Pelf3 

Equation (1) was also obtained by Friedlander (1961) 
and Lochiel and Calderbank ( 1964), while a second-order 
correction to this expression was introduced by Acrivos 
and Goddard ( 1965,1966). 

(1) 
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The case of diffusion controlled fine dust filtration by 
spherical filter elements may be handled identically to that 
of mass transfer to spheres. There, however, it is custo- 
mary to express the results in terms of collection efficiencies 
(Tardos et al., 1976). Thus Equation ( 1) may be rewrit- 
ten as 

E = Sh - = 3.988 * Pe-2/3 
4 

Pe (2) 

In the present note, we derive a general expression for 
the mass transfer to a sphere inside a granular bed in the 
form of a correction factor to Equation ( l ) ,  which is a 
function of the velocity profile around the sphere. We then 
demonstrate its use by applying it to two different velocity 
profiles. The resultant mass transfer rates are compared to 
other theoretical and experimental results from the litera- 
ture. 

The diffusion equation that applies for the present case 
is 

(3) 
aN ve dN D a2N u r - + - - - - -  - 
aR R as U,a aR2 

where U, and Ve are the dimensionless velocity compo- 
nents of the flow around a sphere. Levich in his solution 
took those from the stream function $ for creeping flow 
(Lamb, 1932) : 

1 1 
$ = - - (2R2 - 3R + -) sin2B 

4 R (4) 

Then, application of von Mises' transformation to Equation 
(3)  simplified the problem to the solution of 

For a thin concentration boundary layer, one may substi- 
tute for the radial coordinate 

R = l + y  
where y is a small distance. Thus, the stream function 
from (4)  can be rewritten approximately as 

3y2 sin28 
4 $r- + terms in y 3  and higher order (6) 

From this expression for the stream function, Equation 
(5)  was solved by Levich ( 1962) and the Sherwood num- 
ber computed from 

resulting in Equation (1 ) .  
For a sphere situated in a swarm of similar particles, as 

may be the case in a fixed or fluidized bed, a correction 
factor g ( E )  must be introduced in Equation ( 1) which will 
account for the porosity ( E )  of the swarm: 

Sh = 0.997 g ( E )  - Pel13 (7)  
The correction factor g(E) represents the deviation of a 
given solution from that of Levich, accounting for the dif- 
ference in the velocity profile. Any new solution consists 
essentially of solving Equation (5 ) ,  with a different stream 
function following closely Levich's steps. Doing this one 
can easily show that the expression for the correction fac- 

where $2/$1 is the ratio of the new stream function to that 
of Levich, Equation ( 6 ) ,  both expressed in terms of the 
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coordinate y. 
Many models for the flow field in an assemblage of 

spherical particles were proposed. The best known of those 
is the so-called free surface model (Happel, 1958), which 
considers the fluid in the bed divided into cells. Each cell 
is composed of a sphere surrounded by :i concentric vol- 
ume of fluid. By using this representation, the stream 
function and velocity profile can be computed, provided 
certain boundary conditions are postulated on the cell en.- 
velope. Happel (1958) considered zero shear as a suitable 
boundary condition. Using the flow field obtained from 
these considerations and Levich's approach, Pfeffer ( 1964) 
obtained a solution for this case. His solution may be 
expressed in terms of the correction factor g ( s )  as 

g ( 4 P  

T I 3  

2 ~ 1 -  ( 1  - 4 5 / 3 1  

= [ 2 - 3(1 - - e ) l I3  + 3(1 - Q ) ~ / ~  - 2 ( 1  - el2 
(9) 

Kuwabara (1959) modified Happel's cell model postulat- 
ing zero vorticity on the cell boundary. Rewriting his 
stream function in terms of the coordinate y and using 
Equation ( 8 ) ,  we come up with the following correction 
factor: 

The drawback in using the Happel-Kuwabara approach 
for computing the flow field is in the fact that tht. bound- 
ary condition on the cell envelope must be postulated in 
order to obtain a solution. This makes measurements man- 
datory if one is to decide which of the models approxi- 
mates reality best. 

In the same context, the solution of Sirkar (1974, 1975) 
must be considered. Here, a different approach to the flow 
pattern in the swarm of spheres was used, namely, the 
creeping flow solution of the Navier-Stokes equations for 
a random cloud of particles, as obtained rccently by Tam 
(1969). Tam's solution should be interpreted as the most 
probable flow field around one sphere in a swam. The 
correction factor for this case as obtained by Sirkar is 

g ( 4 s  = 
2 + 1.5(1 - E ) +  1.5[8(1 - E )  - 3(1 - E ) ~ ] ' / ~  '1' 

E [2 - 3(1  - E ) ]  1 
(11) 

This solution breaks down for c < 0.33. 
In the present paper, the flow field in a bed of c,pheres, 

as proposed by Neale and Nader (1974), will be used in 
order to compute the correction factor g ( E )  in relation 
(8).  This flow field is basically a cell type of model. The 
test sphere is considered to be surrounded by a spherical 
fluid envelope whose dimensionless radius 1 is computed 
in the same way as in the Happel-Kuwabara model 

(12) 
1 = - =  b q- 1 

a l--e 

with a modification that considers the entire sphere swarm 
as one large exterior porous mass. The equations of creep- 
ing flow are solved for the cell region and Darcy's !aw for 
the porous matrix: 

A ~ ( A ~ $ )  = 0 l L R L 2  
(13) 
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By matching the boundary conditions for these two equa- 
tions at the cell envelope ( R  = l ) ,  the flow pattern in the 
whole bed is obtained in the form of inner and outer stream 
functions: 

- + =  --[- 1 H 1  - + R z + - e - R f f (  G 1 + - - ) ] s h z &  1 
2 a3 R a2 RlY 

R % l  

where is a complicated function of the porosity E ,  given 
in Table 1 (after Neale and Nader), and the constants A, 
B, C, F,  H ,  G are functions of a and a1 = p .  

Making now the assumption of the thin concentration 
boundary layer and again letting R = 1 + y, we can now 
write the stream function of the flow near the test sphere 
approximately as 

3y2sin20 6f 

4 J + E - -  - + terms in y3 and higher order 

(15) 
where f and J are functions of LY and /3 given below. 
Using Equation (8),  we obtain the correction factor for 
this case: 

6 [ - 4p6 - 14p5 - 30@ - 30p3 + 10@a2 - 
- 4p6 - 24Pj - 180p' - 180p3 + 9P5a + 45pa - 

( 16) 
1 jpaj + i o p w  + 5 p v  - pa5- a5-j - 

1 0 p 3 ~ ~ ~  + 180PJa - 30P'a' + Spa5 - 4a6 + 9a5 

In Table 2, values of the different correction factors 
g (  E )  are presented for different bed porosities together 
with experimental data. I t  can be seen that the correction 
based on the Kuwabara flow model, g ( E ) K ,  gives values 
comparable with those of Pfeffer's, g(E)p, over the entire 
range of porosities. The correction based on the Neale and 
Nader flow field g(E)N gives close values to the statistical 
model (Sirkar solution) g(E)S for high values of the 
porosity ( c  > 0.5) and to the Happel model (Pfeffer's 
so!ution) g(E)p for low values of the porosity ( E  < 0.5) .  
Comparing his and Pfeffer's theoretical results to experi- 
mental values of Thoenes and Kramers (1958) and Kara- 
bellas et a1 (1971), Sirkar found a similar tendency 
( 1974). 

The advantages of the present approach based on the 
Neale and Nader flow model are that no artificial boundary 
condition is introduced into the mathematics of the prob- 
lem and that the results are applicable for the entire range 
of porosities. The restrictions of the model are Re < 10 
and Pe > 1000. By comparing the experimental values, 
as obtained by Wilson and Geankoplis (1966) for a dilute 
bed of active and inactive spheres with g ( E )  N, a very good 
agreement can be seen. 
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TABLE 1. VALUES OF COEFFICIENT 01 AS A FUNCTION 
OF POROSITY E 

E a 

1.0 
0.99 
0.9 
0.8 
0.6 
0.4 
0.3 
0.2 

0.0 
0.2584 
1.185 
2.247 
5.986 

17.83 
35.44 
83.87 

TABLE 2. VALUES OF CORRECTION FACTOR g( e )  

g(e) 
Present 

Present (Neale 
Experi- Pfeffer (Kuwa- and Sirkar 

0.7 1.567"" 2.00 2.08 1.87 1.81 
0.6 1.83"' 2.34 2.43 2.19 2.19 
0.5 2.18"' 2.78 2.86 2.62 2.79 
0.476 3.06' 2.91 2.99 2.77 3.01 
0.45 2.43"* 3.045 3.12 2.92 - 
0.40 2.73'' 3.36 3.44 3.28 4.17 
0.30 - 4.22 4.30 4.34 Not valid 
0.26 4.59t 4.71 4.80 4.94 Not valid 

4.85 4.92 5.13 Not valid 0.25 - 

€ mental (Happel) bara) Nader) (Tam) 

* Thoenes and Kramers Sh = 3.05 P e V  + Karabellas et al. Sh = 4.58 Pel/?. } packing Of spheres' 

1.09 

e 
O 0  Wilson and Geankoplis Sh = - PeW. 

NOTATION 

a = sphere radius 
b = cell envelope radius 
A, B, C, F ,  H ,  G = constants in Equation (14) 
D = diffusion coefficient 
E = single sphere filtration efficiency 
f ,  J = constants in Equat,on (16) 
g ( E )  , g ( e )  K ,  g ( E )  N, g ( E )  P, g ( P )  s = correction factors de- 

defined by Equation (8)  for the case of the Ku- 
wabara, Neale and Nader, Happel, and Tam flow 
model;, respectively 

K = Darcy's law constant 
1 = dimensionless cell radius, 1 = b/a  
N = dimensionless concentration 
Pe = Peclet number, Pe = 2aU0/D 
R = dimensionless radial coordinate 
Re = Reynolds number, Re = 2aU0/v 
Sh = Sherwood number defined by Equation (7) 
U, = fluid superficial velocity 
U,, Vo = dimensionless velocity components in the radial 

y = dimensionless coordinate 

Greek Letters 
a, p = constants in Equation (14) 
JI, = stream functions 
e = angular coordinate 
E = bed porosity 
~2 

and angular direction, respectively 

= Laplace operator in spherical coordinates 

LITERATURE CITED 

Acrivos, A., and . D. Goddard, "Asymptotic Expansions for 

and Part 11," J. Fluid Mech., 23, 273 (1965); 24, 339 
( 1966). 

Friedlander, S.  K., "A Note on Transport to Spheres in Stokes 
Flow," AIChE J., 7, 347 ( 1961). 

Laminar Force d -Convection Heat and Mass Transfer: Part I 

November, 1976 Page 1149 



Happel, J., “Viscous Flow in Multiparticle Systems: Slow Mo- 
tion of Fluids Relative to Beds of Spherical Particles,” ibid., 
4,197 ( 1958). 

Karabellas, A. J., T. H. Wegner, and T. J. Hanratty, “Use of 
Asymptotic Relations to Correlate Mass Transfer Data in 
Packed Beds,” Chem. Eng. Sci., 26, 1581 ( 1971). 

Kuwabara, S ., “The Forces Experienced by Randomly Distrib- 
uted Parallel Circular Cylinders or Spheres in a Viscous 
Fluid at Small Reynolds humbers,” J. khys. SOC. Japan, 14, 
527 f 1959). 

Lamb, H., iydrodynamics, 6 ed., Cambridge University Press, 
Cambridge, England ( 1932). 

Levich, V. G., Physicochemical Hydiodynumics, Prentice-Hall, 
Englewood Ciiffs, N. J. (1962). 

Lochiel, A. C., and P. H. Calderbank, “Mass Transfer in the 
Continuous Phase Around Axisyninietric Bodies of Revolu- 
tion,” Chem. Eng. Sci., 19, 471 (1984). 

Neale, H. N., and W. K. Nader, “Prediction of Transport Proc- 
esses within Porous Media: Creeping Flow Relative to a 
Fixed Swarm of Spherical Particles,” AIChE J., 20, 530 
(1974). 

Pfeffer, R., “Heat and Mass Transfer in Multiparticle Systems,” 
Ind. Eng. Chem. Fundamentals, 3, 380 ( 1964). 

Sirkar, K. K., “Creeping Flow Mass Transfer to a Single Active 
Sphere in a Random Spherical Inactive Particl 3 Cloud ,at 
High Schmidt Numbers,” Chem. Eng. Sci., 29, h.53 (1974). 

Reynolds 
Numbers,” Intl. Eng. Chem. Fundamentals, 14, 73 ( 1975). 

Tardos, G., N. Abuaf, and C. Gutfinger, “Dxffusional Filtration 
of Dust in a Fluidized Bed Filter,” Atnmspherrc Enuiron- 
ment, 10, 389 ( 1976). 

Tam, C. K. W., “The Drag on a Cloud of Spherical Particles in 
Low Reynolds Number Flow,” 1. Fluid Mech, 38, 537 
( 1969). 

Thoenes, D., and H. Kramers, “Mass Transfer from i i  Sphere in 
Various Regular Packings to a Flowing Fluid,” C hem. Eng. 
Sci., 8, 271 (1958). 

Wilson, E. J., and C. J. Geankoplis, “Liquid hlass ’Transfer at 
Very Low Reynolds Numbers in Packed Beds,” Ind. Eng;. 
Chem. Fundamentals, 5, 9 ( 1966). 

, “Transport in Packed Beds at Interrnediat 

Manuscript received 
May 27, 1976. 

May 4, 1976; revision receioed arld accepted 

An Improvement of the Simple Model for Rotary Flow Cyclones 

DAVID F. ClLlBERTl and BRIAN W. LANCASTER 

A simplified model for the performance of a rotary 
flow cyclone has been reported by Ciliberti (1976) which 
has several inherent assumptions in it. A similar analysis 
is presented here that is somewhat more general, yet 
leading to expressions which are no more cumbersome 
and are in slightly better agreement with experimental 
observations. 

DISCUSSION 

The previous analysis of particle motion in the case of 
a rotary flow cyclone was based on the equation of drag 
force on a particle of a given size to the centrifugal force 
experienced by the particle. In the expression for the drag 
force, the inward radial gas velocity was neglected, giv- 
ing rise to the equation 

The determination of the angular velocity was based on 
an angular momentum balance about a cylindrical sec- 
tion of the core in which only the flux of momentum 
across the cylindrical area was accounted for, and the 
flux through the bottom and top were neglected. The 
following analysis attempts to include these factors. 

A force balance on the particle shown in Figure 1 
leads to the following expression: 

drag force = centrifugal force 

This assumes Stokes Law drag forces, negligible accelera- 
tion in the radial direction, spherical, nonagglomerating 
particles, and that the tangential gas and particle veloc- 
ities are equal. To solve this equation, V, and w must be 
determined. 
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The angular velocity may be obtained by looking at 
a section of the core which is assumed to be in solid 
body rotation. Figure 2 indicates the fliixes 01 angular 
momentum across this section’s boundaric,~ a. id leads 
to the following angular momentum balance: 

~ ~ A ~ ~ A o ~ R o ~ 2 ~ R o p V ~ ( R o ) d z ;  + 1 or.r.2rrrpF‘ dr z 
RO 

Performing the indicated integrations over r by ssuming 
a flat V, profile, and taking the limit as Az -9 0, TI e obtain 

(4)  

The further assumption that the secondary gas fl0i.v enters 
the core uniformly leads to the expressions for V, and 
VT(R0) : 

( 5 )  

Substitution of these expressions into Equation ( -1)  leads 
to this expression for o ( z )  : 

To determine the initial value of o, some assu-nptions 
must be made about the design of the cyclone. 11 would 
be possible, for example, to evaluate w if ihe vable of S 
for the cyclone were known. Various values of S have 
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